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1. INTRODUCTION AND PRELIMINARY RESULTS
The ﬁrst important result about the groups of the title was the famous
4-generator theorem of MacWilliams [4], which asserts that any subgroup of
such groups can be generated by four elements. However, this result does
not say anything more about the structure of such groups. In Konvisser [3],
the groups of the title are determined under the additional assumption that
the Frattini subgroup contains an elementary abelian subgroup of order 8.
This determination is somewhat unfortunate, because the resulting groups
are given in terms of generators and relations without any comments and
from these it is difﬁcult to disclose the structure of such groups. But the
catastrophe is yet to come!
In a long paper, Ustjuzaninov [5] has asserted that the groups G of the
title must possess a normal metacyclic subgroup N such that G/N is iso-
morphic to a subgroup of the dihedral group D8 of order 8. Even though
this paper has computational errors, it turns out that this result is correct
after all!
We shall give here a relatively short proof of a stronger result. For
example, in the case where G/N is isomorphic to D8, we shall determine
completely the structure of N by showing ﬁrst that N is either abelian or
minimal nonabelian. In our proof the computations are reduced to a mini-
mum. The proof is based on a method of “pushing up” normal metacyclic
subgroups of G combined with a very detailed knowledge of Aut(C4 × C4)
(Proposition 1.11). We also note that our proof of the 4-generator theorem
is character-free, i.e., it is completely elementary.
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We shall use freely the standard notation and the known results intro-
duced in [2]. In addition, for any ﬁnite group X, we denote by dX the
minimal number of generators of X. If x ∈ X, then ox denotes the order
of the element x.
Let G be a ﬁnite 2-group which does not have a normal elementary
abelian subgroup of order 8. If G is abelian or of maximal class, then G is
metacyclic. We state now our main result.
Theorem 1.1 (Main Theorem). Let G be a ﬁnite 2-group which does not
have a normal elementary abelian subgroup of order 8. Suppose that G is
neither abelian nor of maximal class. Then G possesses a normal metacyclic
subgroup N such that CG
2N ≤ N and one of the following holds:
(a) G/N ≤ 4 and either 
2N is abelian of type (4 4) or N is abelian
of type 2j 2, j ≥ 2.
(b) G/N ∼= D8 and
(b1) N is abelian either of type 2k 2k+1, k ≥ 1, or of type 2l 2l,
l ≥ 2, or
(b2) N is minimal nonabelian, 
2N is abelian of type (4 4), and
more precisely N = a b  a2m = b2n = 1 ab = a1+2m−1, where m = n with
n ≥ 3 or m = n+ 1 with n ≥ 2.
We prove here the following easy special case of the above theorem.
Theorem 1.2. Let G be a ﬁnite 2-group which does not have a normal
elementary abelian subgroup of order 8. Suppose that G has (at least) two
distinct normal four-subgroups, U and V . Then D = UV ∼= D8 and G is the
central product G = D ∗ C of D and C with D ∩ C = ZD and C is either
cyclic or of maximal class different from D8.
Proof. If UV  = 1, then UV is a normal elementary abelian subgroup
of order ≥8, which is a contradiction. Hence U ∩ V  = 2 and UV  = 1,
which gives D = UV ∼= D8. Since both four-subgroups U and V (in D) are
normal in G, so no element in G induces an outer automorphism on D.
This gives that G = D ∗ C, where C = CGD and D ∩ C = ZD. If W
is a normal four-subgroup in C, then UW would be an elementary abelian
normal subgroup of order ≥8 in G. This is a contradiction and so C is
either cyclic or a group of maximal class which is not isomorphic to D8.
Remark 1.1. Let G = D ∗ C be a 2-group from Theorem 1.2 with G =
D. Let Z1 be the cyclic subgroup of order 4 in D ∼= D8 and let Z2 be a
maximal cyclic subgroup of index ≤2 in C. Then N = Z1Z2 is an abelian
normal subgroup of type 2j 2 j ≥ 2, and G/N is elementary abelian of
order ≤4. Hence this is a special case of groups occurring in Theorem
1.1(a).
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The 4-generator theorem follows as a trivial consequence of our main
theorem.
Theorem 1.3 (4-Generator Theorem). Let G be a ﬁnite 2-group which
does not have a normal elementary abelian subgroup of order 8. Then every
subgroup U of G is generated by four elements.
Proof. By our main theorem, G has a normal metacyclic subgroup N
such that G/N is isomorphic to a subgroup of D8. Since U/U ∩N is iso-
morphic to a subgroup of G/N , we have dU/U ∩N ≤ 2. Also, U ∩N is
metacyclic and therefore dU ∩N ≤ 2. Hence dU ≤ 4 and we are done.
For completeness, we list here some known facts and also we prove three
important preliminary results.
Proposition 1.4 (Berkovich [1, Sect. 1, Example 8A]). Let G be a min-
imal nonabelian p-group. If G is metacyclic, then G = a b  apm = bpn = 1,
ab = a1+pm−1, m ≥ 2, n ≥ 1, or G ∼= Q8.
Proposition 1.5 (Berkovich [1, Sect. 10, Example 14]). Let G be a p-
group such that G′ = p and dG = 2. Then G is minimal nonabelian.
Proposition 1.6 (Berkovich [1, Theorem 41.1, Remark 2]). If G is a 2-
group such that 
2G is metacyclic, then G is also metacyclic.
Proposition 1.7 (Berkovich [1, Corollary 10.2]). Let A be a maximal
normal abelian subgroup of a p-group G such that expA ≤ pnpn > 2.
Then 
nCGA = A.
Proposition 1.8 (Berkovich [1, Lemma 42.1]). Let G be a 2-group of
order ≥ 24 satisfying 
2G ≤ 23. If ZG is noncyclic, then G is abelian of
type 2 2n n ≥ 3.
Proposition 1.9 (Berkovich [1, Sect. 5, Example 12]). LetG be a meta-
cyclic 2-group which is neither cyclic nor of maximal class. Then G has exactly
three involutions.
Proposition 1.10. Let G be a 2-group with a metacyclic normal subgroup
N . Suppose that N has aG-invariant four-subgroup N0 which is not contained
in ZG but there is no G-invariant cyclic subgroup of order 4 contained in
N . If N is abelian, then N is of type 2n 2n or 2n+1 2n, where n ≥ 1. If
N is nonabelian, then N is minimal nonabelian and, moreover, N = a b 
a2
m = b2n = 1 ab = a1+2m−1, where n ≥ 2 and m = n or m = n+ 1.
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Proof. If N is abelian (of rank 2), then the result is clear since N cannot
contain a characteristic cyclic subgroup of order 4. Suppose that N ′ = 1.
Since N ′ is cyclic, we must have N ′ = 2. By Proposition 1.5, N is minimal
nonabelian. Then a result of Re´dei (Proposition 1.4) implies that
N = a b  a2m = b2n = 1 ab = a1+2m−1 m ≥ 2 n ≥ 1
If n = 1, then N ∼= D8 or N ∼=M2m+1 with m ≥ 3. In both cases N possesses
a characteristic cyclic subgroup of order 4, which is a contradiction. Hence
we have n ≥ 2. It follows that N ′ = a2m−1 and ZN = a2 b2. If m < n,
then Z0 = b2n−1 = n−2ZN is a G-invariant subgroup of order 2. By
Proposition 1.9, N has exactly three involutions and so N0 = N ′ × Z0 lies
in ZG, contrary to our assumption. Thus m ≥ n. However, if m > n+ 1,
then n−1ZN is a characteristic cyclic subgroup of N of order ≥ 4,
which is a contradiction. Hence we have m = n or m = n+ 1.
Proposition 1.11. The automorphism group AutW  of
W = u y  u4 = y4 = u y = 1 ∼= C4 × C4
is of order 25·3. The subgroup A of AutW  of all automorphisms ﬁxing
(normalizing) the subgroup Y = u2 y ∼= C2 × C4 is of order 25 and so is a
Sylow 2-subgroup of AutW . We have
A = 〈λ σ ρ  λ4 = σ4 = ρ2 = σ2 λ = 1 σ λ = σ2λ2
ρ λ = σ2 σ ρ = σ2〉
where the automorphisms λ σ ρ are induced by
uλ = u−1y yλ = u2y uσ = uy yσ = y uρ = u−1 yρ = y
We have A′ = ZA = $A = σ2 λ2 = η ∼= E4 and so A is a special
2-group. Set W0 = 
1W  = u2 y2. Then the stabilizer A0 of the chain
W > W0 > 1 is elementary abelian of order 24 and
A0 = ρ λσ = ρ′ η σ2 = CAW0
The subgroup A0 contains the “special” subset
S = σ2 ξ ζ µ ν
of ﬁve automorphisms deﬁned by
uξ = u yξ = yu2 uζ = uu2y2 yζ = yu2y2
uµ = uu2y2 yµ = yu2 uν = uy2 yν = yu2y2
If X is any maximal subgroup of A0, then X ∩ S is nonempty. Each τ ∈ S has
the property that τ does not invert any element of order 4 in W. In addition, the
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“superspecial” automorphisms µ and ν have also the property that they do not
ﬁx (centralize) any element of order 4 in W. We have CAY  = ρ σ2 ∼= E4
is normal in A and A/ρ σ2 ∼= D8. In fact, A is a splitting extension of
ρ σ2 by σρ λ ∼= D8. Finally, if U is any subgroup of A which covers
A/ρ σ2 (i.e., Uρ σ2 = A), then U does not ﬁx (normalize) any of the
six subgroups of order 4 in W.
Proof. The number of elements x x′ of order 4 in W such that x x′ =
W is 12 · 8 and so AutW  = 25 · 3. The number of elements x x′ of order
4 in W so that x ∈ Y = u2 y and x′ ∈ Y is 4 · 8 and so A = 25 and,
therefore, A is an S2-subgroup of AutW . The stabilizer A0 of the chain
W > W0 > 1 is obviously elementary abelian of order 24 and so A  A0 =
2. Any automorphism from A −A0 acts faithfully on W/W0 (and so also
on W0), and so we see that A0 = CAW0. Deﬁning the automorphisms
λ σ ρη = λ2 ρ′ = λσ as above, we verify the deﬁning relations for A.
For example, we have
uσλ = uλσ3λ2 = uy2 and yσλ = yλσ3λ2 = u2y
This gives σλ = λσ3λ2 and so σ λ = σ2λ2, as claimed.
Since ρ ρ′ η σ2 all lie in A0 and generate a subgroup of order 24,
we get A0 = ρ ρ′ η σ2. For any x ∈ A −A0, x2 ∈ ZA, which gives
$A ≤ ZA. We have σ2 λ2 ≤ $A ≤ ZA and so the four-
subgroup σ2 λ2 is normal in G. On the other hand, the relations for
A show that A/σ2 λ2 is elementary abelian and σ2 λ2 ≤ A′. Hence
σ2 λ2 = $A = A′. Also, σ2 λ2 ≤ ZA < A0 and we check that
no element in A0 − σ2 λ2 lies in ZA. Hence ZA = A′ and so A is
special.
Since CAY  ≤ A0, so for each τ ∈ CAY  we have uτ = uw0 with
w0 ∈ W0. It follows that CAY  ≤ 4. On the other hand, ρ σ2 ≤ CAY 
and so CAY  = ρ σ2 ∼= E4. Hence ρ σ2 is normal in A, and since
A/ρ σ2 acts faithfully on Y ∼= C4 × C2, it follows that A/ρ σ2 ∼= D8.
Note that AutC4 × C2 ∼= D8. Since σρ is an involution and λσρ = λ−1, it
follows that σρ λ ∼= D8. Because σρ λ ∩ ρ σ2 = 1, A is a splitting
extension of the four-group ρ σ2 by σρ λ.
Let U be any subgroup of A which covers A/ρ σ2. Then we have
U/U ∩ ρ σ2 ∼= D8, and so there exists an element α of order 4 in U .
Since α ∈ A−A0, α acts faithfully on W/W0. But α ﬁxes Y = W0y and so
α sends two cyclic subgroups of order 4 in W0u onto two cyclic subgroups
of order 4 in W0uy. It remains to be shown that U does not ﬁx the cyclic
subgroup y contained in Y . Suppose that U ﬁxes y so that U  CUy ≤
2. In Y there are exactly two involutions u2 and u2y2 which are not squares
in Y . Therefore, U  CUu2 ≤ 2 and so CUY  = CUy ∩ CUu2 has
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index ≤ 4 in U . This is a contradiction, since U  U ∩ ρ σ2 = 8. We
have proved that U does not ﬁx any cyclic subgroup of order 4 in W.
Let X be any maximal subgroup of A0. Suppose that S ∩ X is empty,
where S = x1     x5 is the “special” subset of automorphisms in A0
with x1 = σ2, x2 = ξ, x3 = ζ x4 = µ, and x5 = ν. Then we verify that
the 10 products xixj 1 ≤ i < j ≤ 5 give 10 pairwise distinct elements in
A0. But all these products lie in X. This is a contradiction since X = 23.
Other statements about “special” and “extraspecial” elements in A0 are
self-explanatory.
The following result is slightly stronger than the one given by Berkovich.
Proposition 1.12 (Berkovich [1, Sect. 54, Example 8]). Let a 2-group
G have no normal elementary abelian subgroup of order 8. Suppose that G
is neither abelian nor of maximal class. Then one of the following holds:
(a) G has a normal abelian subgroup A of type 4 2 with CGA
abelian of type 2n 2 n ≥ 2. In that case, G/CGA is isomorphic to a
subgroup of AutA ∼= D8. If G/CGA ∼= D8, then CGA = A.
(b) G has a normal abelian subgroup W of type (4 4) with metacyclic
CGW . In that case, 
2CGW  = W and G/CGW  is isomorphic to a
subgroup of AutW , i.e., G/CGW  ≤ 25.
Proof. Let A be a greatest normal noncyclic abelian subgroup of G of
exponent ≤ 4. Since G is not of maximal class, A is abelian of type (4 2) or
(4 4). By Proposition 1.7, 
2CGA = A. Then Proposition 1.6 implies
that CGA is metacyclic.
Suppose that A = a b  a4 = b2 = a b = 1 ∼= C4 × C2. Then

2CGA = 8 and Proposition 1.8 gives that CGA is abelian of type
2n 2 n ≥ 2. Suppose in addition that G/CGA ∼= D8. If CGA > A,
then CGA contains a characteristic cyclic subgroup Z of order 4. We have
Z < A and Z is normal in G. But G/CGA ∼= AutA and AutA ∼= D8
contains an automorphism α which permutes two cyclic subgroups of order
4 in A. Here α is induced with aα = ab bα = b. This is a contradiction
and so we must have CGA = A in this case.
2. PROOF OF THE MAIN THEOREM
Let a 2-group G have no normal elementary abelian subgroup of order 8.
Assume that G is neither abelian nor of maximal class. The starting point
is Proposition 1.12. If we are in case (a) of Proposition 1.12, then G has a
normal abelian subgroup A of type (4 2) with N = CGA abelian of type
2j 2 j ≥ 2. In that case G/N is isomorphic to a subgroup of D8, and if
G/N ∼= D8, then N = A and we are done.
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We assume that we are in case (b) of Proposition 1.12. Then G has a
normal abelian subgroup W = u y  u4 = y4 = u y = 1 ∼= C4 × C4
with metacyclic C = CGW  and 
2C = W. Set W0 = 
1W  = u2 y2
so that W0 is a normal four-subgroup of G. Let Y be a normal subgroup
of G such that W0 < Y < W. Then Y is abelian of type (4 2) and we
may choose the generators u and y of W so that Y = u2 y. Also set
D = CGY  so that G/D is isomorphic to a subgroup of D8. Obviously,
y2 ∈ ZG since y2 = 1Y . Now, G/C is isomorphic to a subgroup
of A = λ σ ρ which is the Sylow 2-subgroup of AutW  ﬁxing Y. In
what follows, we use freely Proposition 1.11 about the structure of A and
the action on W together with the notation introduced there. It follows
that D/C is elementary abelian of order ≤ 4 since D/C induces on W a
subgroup of CAY  = ρ σ2 ∼= E4. We note that A/ρ σ2 ∼= D8 and
W0 ≤ ZG if and only if G/C induces on W a subgroup of A0, in which
case G/C is elementary abelian of order ≤ 24.
If C = D, then G/C is isomorphic to a subgroup of D8. Suppose in
addition that G/C ∼= D8. Then W0 ≤ ZG since G/C does not induce
on W a subgroup of A0 and G/C induces on W a subgroup U ∼= D8 of
automorphisms which covers A/ρ σ2. By Proposition 1.11, there is no
cyclic G-invariant subgroup of order 4 contained in C because there is no
such one contained in W. Using Proposition 1.10, we see that the structure
of the normal metacyclic subgroup C is completely determined, as stated
in the Main Theorem.
From now on, we assume that D/C = 1. Suppose at ﬁrst that D/C con-
tains a subgroup F/C of order 2 such that F/C induces the automorphism
σ2 on W , where uσ
2 = uy2 yσ2 = y, and uyσ2 = uyy2. Since σ2 does
not invert any element of order 4 in W, it follows that σ2 does not invert
any element in C −W0. Because σ2 ∈ ZA, F is normal in G. We claim
that 
2F = W and so, by Proposition 1.6, F is metacyclic. If not, then

2F = W and so 
2F ≤ C. There exists an element s ∈ F − C so
that os ≤ 4, which gives s2 ∈ W0. It is easy to see that there exist involu-
tions in W s −W. Indeed, we have ys = y us = uy2, since s induces the
automorphism σ2 on W. If s2 = 1, then we are ﬁnished. If s2 = y2, then
sy2 = s2y2 = 1. If s2 = u2, then syu2 = s2yusyu = u2 · yuy2 · yu = 1.
If s2 = y2u2, then su2 = s2usu = y2u2 · uy2 · u = 1. Hence we may assume
that s ∈ F − C is an involution. For any c ∈ C, sc is an involution if and
only if sc2 = 1 or cs = c−1, i.e., s inverts c. But s inverts in C only the ele-
ments in W0. (Actually, s centralizes W0.) It follows that there are exactly
four involutions in F − C and they all lie in the elementary abelian sub-
group E = s × W0. Thus E is characteristic in F and so E is normal in
G, which is a contradiction. We have proved that 
2F = W, and so F is
a metacyclic normal subgroup of G.
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Assume now that D/C = 2. If D/C induces the automorphism σ2 on
W, then by the above, D = F is a normal metacyclic subgroup of G with

2D = W. If G/D ≤ 4, then we are done. It remains to consider the
case where G/D ∼= D8. In this case G/C induces on W a subgroup U of
automorphisms which covers A/ρ σ2 and U ≤ A0. In fact, we have in
addition U ∩ ρ σ2 = σ2. Again by Proposition 1.11, there is no cyclic
G-invariant subgroup of order 4 contained in D since there is no such one
contained in W. In this case, W0 ≤ ZG. By Proposition 1.10, the structure
of the normal metacyclic subgroup D is uniquely determined, as stated in
the Main Theorem.
It remains to consider here (where D/C = 2) the case where D/C
induces on W the automorphism ρ or ρσ2. Note that neither ρ nor ρσ2
is central in A and so NAρ = A0 and NAρσ2 = A0. Hence G/C
induces on W a subgroup of A0 which does not contain σ2. If G/C ≤ 4,
we are done. Hence we may assume that G/C induces on W a maximal sub-
group X (of order 8) of A0 which does not contain σ2. In that case G/C ∼=
E8. By Proposition 1.11, X contains a “special” element τ ∈ ξ ζ ν µ,
where τ does not invert any element of order 4 in W.
Let H/C be a subgroup of order 2 in G/C ∼= E8 such that H/C induces
the automorphism τ = ξ on W, where yξ = yu2 and uξ = u. If 
2H > W,
then there is an element s ∈ H − C with s2 ∈ W0. By replacing s with
sw for a suitable w ∈ W, we may assume that s is an involution. Indeed,
if s2 = u2, then us = u and ys = yu2 imply that su2 = s2u2 = 1. If
s2 = y2, then syu2 = s2yusyu = y2 · yu2u · yu = 1. If s2 = y2u2, then
sy2 = s2ysy = y2u2 · yu2 · y = 1. Then sc (with c ∈ C) is an involution
if and only if s inverts c and so there are exactly four involutions in H −C,
and therefore they all lie in E = s ×W0 ∼= E8. Hence E is characteristic
in H and so E is normal in G, which is a contradiction. Thus 
2H = W
and so H must be metacyclic. Since G/H ∼= E4, we are done.
Let K/C be a subgroup of order 2 in G/C ∼= E8 such that K/C induces
the automorphism τ = ζ on W, where yζ = yu2y2 and uζ = uu2y2. If

2K > W, then there is an element s ∈ K − C with s2 ∈ W0. By replacing
s with sw for a suitable w ∈ W , we may assume that s is an involution.
If s2 = y2, then su2 = 1. If s2 = u2, then sy2 = 1. If s2 = y2u2, then
suy2 = 1. Then sc (with c ∈ C) is an involution if and only if s inverts
c and so there are exactly four involutions in K − C, and therefore they
all lie in E = s × W0 ∼= E8. Hence E is characteristic in K and so E is
normal in G, which is a contradiction. Thus 
2K = W and so K must be
metacyclic. Since G/K ∼= E4, we are done.
Let L/C be a subgroup of order 2 in G/C ∼= E8 such that L/C induces
a “superspecial” automorphism τ ∈ ν µ on W. Then τ has the addi-
tional property that it does not ﬁx (centralize) any element of order 4 in
W. Suppose that 
2L = W so that the normal subgroup L is metacyclic.
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In that case an element l ∈ L − C commutes with an element of order 4
in W, which contradicts the above property of τ. Hence there is s ∈ L− C
so that s2 ∈ W0. Again we may assume that s is an involution. If τ = ν,
then us = uy2 ys = yu2y2. In this case, if s2 = u2, then sy2 = 1. If
s2 = y2u2, then su2 = 1 and if s2 = y2, then suy2 = 1. If τ = µ, then
us = uu2y2 ys = yu2. In this case, if s2 = u2y2, then sy2 = 1. If s2 = u2,
then suy2 = 1 and if s2 = y2, then su2 = 1. Since the involution s inverts
in C only the elements in W0, it follows that L − C contains exactly four
involutions and so E = s ×W0 ∼= E8 (being characteristic in L) is normal
in G, which is a contradiction. This ﬁnishes completely the case D/C = 2.
We make here the following observation. If G/C ∼= E16 and G/C induces
on W the group A0 of automorphisms, then we get a contradiction. Indeed,
we consider a subgroup L/C of order 2 in G/C so that L/C induces the
“superspecial” automorphism ν on W. Then exactly the same proof as above
shows that the normal subgroup L possesses an elementary abelian sub-
group E of order 8 which contains all involutions in L and so E would be
normal in G, which is a contradiction.
It remains to consider the case where D/C is a four-group inducing on W
the four-group CAY  = ρ σ2. If C < F < D and F/C induces σ2 on W,
then we have already proved that 
2F = W and F is a normal metacyclic
subgroup of G. If G/D ≤ 2, then G/F  ≤ 4 and we are ﬁnished. Hence
we may assume that G/D ≥ 4 and so G induces on W either the whole
group A (in which case G/D ∼= D8) or one of the maximal subgroups of A
containing ρ σ2:
(A) ρ σ2 η ρ′ = λσ = A0,
(B) ρ σ2 η σ = η × σ ρ ∼= C2 ×D8 with σρ = σ−1,
(C) ρ σ2 η λ, where λ2 = η and ρ λ = σ2.
Indeed, A/ρ σ2 ∼= D8, so there are exactly three maximal subgroups of
A containing ρ σ2. If we are in case (A), then we have already obtained
a contradiction in the previous paragraph.
Suppose that we are in case (B). We note that σ ∼= C4 is normal in
ρ σ2 η σ. Let K0 be a subgroup of G such that F < K0 < G and K0/C
induces the cyclic group σ ∼= C4 on W. Hence K0/C ∼= C4 and K0 is
normal in G. Suppose that 
2K0 > W. Since 
2F = W, it is follows
that there is an element x ∈ K0 − F so that ox ≤ 4 and xC = K0. But
then ox2 ≤ 2 and x2 ∈ F and so x2 ∈ W0 ≤ C. This is a contradiction since
K0/C ∼= C4. Hence 
2K0 = W so K0 is a normal metacyclic subgroup of
G with G/K0 = 4 and so we are ﬁnished in this case.
Finally, we assume that we are in case (C) or G/D ∼= D8 (in which case
G induces the full group A on W ). In any case G induces the subgroup
ρ σ2 η λ on W. There is an element k ∈ G such that k induces the
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automorphism λ on W and so uk = u−1y and yk = yu2. We see that k
does not normalize any cyclic subgroup of order 4 in W. Also, W0 ≤ ZG
since λ ∈ A0. We know that F , deﬁned above, is a G-invariant nonabelian
(since C = F) metacyclic subgroup with 
2F = W. By Propositions 1.11
and 1.10, F is minimal nonabelian and we may set
F = a b  a2m = b2n = 1 ab = a1+2m−1
where n ≥ 2 and m = n or m = n+ 1. If n ≥ 3, then W ≤ a2 b2 = ZF.
This is a contradiction since F/C induces the automorphism σ2 on W. It
follows that n = 2. But we have F > C ≥ W and so m = n + 1 = 3. In
particular, W = C and so W is self-centralizing in G. Since CW a = Y =
y u2, we have a2 ∈ Y − W0. Replacing y with some other element of
order 4 in Y (if necessary), we may assume that a2 = y. The structure of F
is uniquely determined. We have
F = a u  a8 = u4 = 1 au = aa4
and W = u y, where y = a2 and CGW  = C = W. Set y2 = z so that
z = ZG because CW k = y2. The element k2 induces the automor-
phism η = λ2 on W and so k2 acts invertingly on W. Set S = Fk so
that S/F ∼= C4 and k4 ∈ C = W. Since σ2 λ is normal in A, so S is nor-
mal in G. Since k4 ∈ CW k = z, we have k4 = 1 or k4 = z. Because

2F = W, it is follows that all elements in F −W have the order 8. We
shall determine the action of k on F . We have ak = auiyj , where i j are
some integers and so uiyj is an arbitrary element in W. We get
a2k = yk = yu2 = ak2 = auiyj2 = auiyjauiyj
= a2uiyjauiyj = yuziyjuiyj = yu2iy2jzi
Thus u2 = u2iy2jzi and so u21−i = zi+j . Hence 1 − i ≡ 0 mod 2 and
i + j ≡ 0 mod 2. This gives that we must have i ≡ j ≡ 1 mod 2. Let x
be an element in G inducing the automorphism ρ on W. Then x normalizes
S x2 ∈ W yx = y, and ux = u−1. Since σ2ρ = σ2 and λρ = λσ2, we may
set ax = aumyn and kx = kaupyq, where mnp q are some integers. We
get
a2x = yx = y = ax2 = aumyn2 = aumyn · aumyn
= a2umynaumyn = yuy2mynumyn = yu2my2m+2n
Thus u2my2m+2n = 1 and so m ≡ n ≡ 0 mod 2. Then the relation
ak = auiyj with i ≡ j ≡ 1 mod 2 should hold under the action of x;
i.e., axkx = axuxiyxj . Since m and n are even and au = ay2 and so
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p = ay2p, this gives
aumynkaupyq = aumynu−iyj = aum−iyn+j
= auiyju−1ymynu2naupyq
= auy2iyju−mymynupyq
= ay2puiy2iyju−mymyn
= aui−my2p+2i+j+m+n
Hence um−i = ui−m and so u2i−2m = 1. Since m ≡ 0 mod 2, we get u2i = 1
and so i ≡ 0 mod 2, which contradicts the above statement. Hence our
group G does not exist in this case. Our main theorem is completely proved.
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